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Dynamic Instability of Shear-Deformable Laminated Plates

Gabriel Cederbaum*
Ben-Gurion University of the Negev, Beer Sheva 84105, Israel

The dynamic instability of antisymmetric angle-ply and cross-ply laminated plates, subjected to periodic in-
plane loads P(t) = Ps + Pd coscof, is investigated within the high-order shear deformation lamination theory,
where the motion is governed by five partial differential equations. Using the method of multiple-scale, analytical
expressions for the instability regions are obtained at co = 117 ± ft,-, where 11, are the natural frequencies of
the system. It is shown that, besides the principal instability region at co = 2H, (Ilj is the fundamental frequency),
other cases of co = O, + ft,-, related to the first mode, can be of major importance and yield a significantly
enlarged instability region.

Introduction

I N the analysis of the dynamic stability of a structure, sub-
jected to a periodic loading P(f) = Ps + Pd costo?, it turns

out that for certain relationships between the driving fre-
quency and the natural ones, dynamic instability occurs, in
the sense that the amplitude of the response increases without
bound. The problem of the dynamic instability of elastic struc-
tures (columns, plates, and shells) was investigated by Bol-
otin,1 where the instability regions were constructed by using
the Fourier analysis. Extensive bibliography and further re-
sults on this problem were given by Evan-Iwanoswski23 in a
review paper and in a monograph.

The intensive use of fiber-reinforced composites has re-
sulted lately in several studies of the dynamic instability of
laminated plates. Birman4 considered the unsymmetric lam-
inates, using the classical lamination theory (CPT), neglecting
rotary inertia. Srinivasan and Chellapandi5 used the same
theory and the finite strip method to determine the instability
regions. The use of refined theories for the investigation of
the dynamic instability of laminated plates was carried out by
Bert and Birman6 for angle-ply laminates and by Librescu and
Thangjitham7 for cross-ply laminates. In all these studies the
so-called principal instability region, at which co = 21̂  (f^
is the lowest natural frequency of the plate), was derived, and
the effects of the aspect ratio, static in-plane force, and the
number of layers were investigated.

However, since the motion of laminated plates is governed
by several equations (according to the number of degrees of
freedom), instability may occur at co = fy, ± flz, where /,/ =
1,2, . . . ,m and m is the number of degrees of freedom, as
was already shown in Refs. 8-10, and the case of co = 2ft a
is but a particular one.

In a previous paper by Mond and Cederbaum,11 the prin-
cipal instability regions of antisymmetric angle-ply and cross-
ply laminates, using the method of multiple-scale, were in-
vestigated. The laminates were modeled by the CPT so that
their motion was governed by three second-order differential
equations. Analytical expressions for the various instability
regions were obtained, and it was shown that the instability
region is highly enlarged when combination resonances are
taken into account.

In this paper we investigate the dynamic instability of lam-
inated plates, modeled within the high-order shear defor-
mation theory (HSDT), developed by Reddy.12 The first aim
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of this paper is to determine analytical expressions for the
possible instability regions within the HSDT.

As has already been shown (e.g., Refs. 13, 14), the fun-
damental natural frequencies determined by using the HSDT
are lower than those obtained within the CPT. This implies
that instability regions of simple parametric resonance (co =
211;) will be obtained at lower excitation frequencies. Yet,
since the HSDT assumes two more degrees of freedom, the
number of possible combination resonance (co = fty ± ft,) is
highly enlarged. The second aim of this paper is to investigate
the contribution of these instability regions, obtained for the
first mode, to the general instability region.

In this paper we do not include the effect of damping on
the derived stability boundaries. The importance of the damp-
ing in the analysis of the dynamic stability of laminated plates
is shown in Ref. 15.

Problem Formulation
Consider a rectangular (a x b) laminated plate, subjected

to uniformly distributed parametric excitations, as shown in
Fig. 1. Within the HSDT, the equations of motion of such a
plate are

= I2V - cI4Wy

- 3c(K5,x + K4J +

= I,W- cI7(W,xx + W^) + cI4(U.

+ (c/5 - c%)(^x + $yj

+ M6,y - c(PltX + P6J - Q5 + 3cK5

= (I2 - cI4)U + (73 - 2c/5 + c%)$x

- (cI5 - c%)W,x

+ M^y - c(P^x + P2o,) - Q4 + 3cR4

= (I2 - cI4)V + (I3 - 2cI5 + c%)$y

- (c/5 - c2/7)W, (1)

where U, V, and W denote the displacements of a point (x,y)
on the mid-plane, z = 0, ̂ , and v|/y are the rotations of the
normals to the mid-plane about the y and* axes, respectively,
c = 4h%, and ( ) z and (') denote differentiation with respect
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Fig. 1 Dimensional scheme of a plate subjected to in-plane loading.

to x or y and with time, respectively. The in-plane loadings
are given by

Nx(t) = Nxs + Nxd cosut

Ny(t) = Nys + Nyd cosco; (2)

where NXSt Nxd^ Nys^ and Nyd are constants, co is the load fre-
quency, and t is time. The resultants are related to the gen-
eralized displacements by the following constitutive relations

[A;] [F,]

where
8l =

symmetric

symmetric [Fjt]

e2 =

= <\ly,y',

jj = 1,2,6

(3)

Q,y(l, z, z2, z\ z\ dz

Ch/2

j,, Dj,, P.) = fi/l, 22, z4,) dz 0V = 4,5)
J — h/2

(A

h is the plate thickness and Qtj are the reduced elastic con-
stants.

The inertia terms are given by

(A, 72, /3, /4, 75, 77) - _ / 2 p(l, z, z2, z3, z4, z6) dz

where p is the mass density.
Consider first the case of antisymmetric angle-ply laminate,

hinged on all edges and the tangential stresses and in-plane
displacements in the direction perpendicular to each edge are
zero. For this laminate

^16 = ^26 = #n = B12 = B22 = B66 = D16 = D26 = 0

^16 = F26 = Eu = E12 = E22 = E66 = H16 = H26 = 0 (4)

A45 = D45 = F45 = 0

and the boundary conditions are

W=Ml = U = N6 = Pl = tyy = Q at x = 0,a

w=M2 = y = N6 = P2 = ̂ x = 0 at j = Q,fc (5)

These boundary conditions are satisfied by the following
displacements field, when using the method of separation of
variables,

umn(t) si

V = vmn(t) cosca sinpv

wmn(f) sinca si

cosca

where

sinca cospy

P = mr/b

(6)

Substituting Eqs. (2), (3), and (6) into Eq. (1) we obtain
a set of second-order differential equations which governs the
motion of the antisymmetric angle-ply laminated plate sub-
jected to in-plane parametric loading. This set of equations
can be presented as

- e coso4S']{Zl = (7)

where {Z}T = {u, v, w, x, y}, [Sf] is a zero matrix except of
^33 = N,e = (Nxda2 + Nyd$2)/N, where N is the static buck-
ling load, and the terms of the symmetric matrices T' and G
are given in the Appendix of Ref. 13.

Antisymmetric cross-ply laminates are considered next. In
this case

A16 = A26 = B16 = B26 = B66 = D16 = D26 = 0

F\6 = 7^6 = El6 = %26 = E66 = H16 = H26 = 0 (8)

A45 = D45 = F45 = 0

The boundary conditions

W = M! = V = N! = P! = tyy = Q at • * = 0,0

W = M2 = U = N2 = P2 = ik - 0 at y = Q,b (9)

are satisfied by the following displacement field

CO 00

U = 2 ^ umn(t) cosax sinpy

00 00

V = 2 E vmn(t) sinox cospy

wmn(t) aqpa sinpy (10)

xmn(t) cosoa si

7m«(0 sinco: cospy
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Using the same steps as in the previous case, one obtains
Eq. (7) again where T-j and Gtj are also given in the appendix
of Ref. 13.

Stability Analysis
In this section the stability properties of a system whose

behavior is governed by Eq. (7) is investigated. For this pur-
pose the following transformation is performed

R = LTZ (11)

where L is a 5 x 5 matrix whose columns are the eigenvectors
of r.

Inserting transformation (11) into Eq. (7) and multiplying
both sides by LT results in the following equation for R:

where

and

R + (T - e coscor S)R = 0

T = LTG~1T'L =_ [diag fl2]

S = LTG~1S'L

(12)

(13)

(14)

In order to facilitate the discussion below, Eq. (12) is written
componentwise:

JRf + fl?/?,- - e coscoJ
7 = 1

/,/ = 1, 2, 3, 4, 5

= 0

(15)

The last term on the left-hand side (which actually is the
sum of five terms) represents the coupling of the dynamical
load to the normal modes of the system. It is the presence of
these coupling terms which prevents obtaining exact analytical
solutions for Eq. (15). However, since the amplitude of the
dynamical load, e, is assumed to be small, a perturbation
scheme can be introduced in order to investigate its effect on
the stability of the plate.

A regular perturbation scheme provides an adequate de-
scription of the systems in those regions in parameter space
where the latter is stable. However, when the system ap-
proaches its stability boundaries, the regular perturbation
scheme breaks down and the multiscale perturbation analysis
must be employed.1647

The multiscales analysis is based on the observation that
the system described by Eq. (15) varies on two distinct time
scales. The first time scale is given by the natural frequencies
of the system, fl,, i = 1, 2, 3, 4, 5 defined to be of order 1.
The second time scale, associated with the dynamical loading
amplitude, is given by 1/e and is much longer than the natural
periods.

These two time scales that govern the behavior of the sys-
tem give rise to replacing the independent variable t by two
independent variables t and T = e£. The latter represents the
slow response of the system to the small dynamical loading
amplitude. As a result, the time derivatives in Eq. (15) are
replaced by the following partial derivatives:

dR = dR dR
dt ~ dt 8 dT (16)

In addition, R is expanded in power series in e in the following
way:

(17)

As has already been mentioned, instability may occur at
co = fl, + fty. and at co = fl, - fly. In the following sections
we will investigate the cases of a) co = 2fla and b) co = f!5 ±
f!4, representing the other possibilities of instability regions
obtained for other fl, and fly.

w is Close to 2flj
In this region flj is related to co in the following way

fl2 = — + eft?! + O(e2) (18)

Expansions (16-18) are inserted into Eq. (15) and coeffi-
cients of equal powers of e are collected. The lowest order
terms yield the following equations for R0:

dt2
_
T%+*• = 0, ; = 2, 3, 4, 5

The solutions of Eqs. (19) and (20) are given by

Rlo(t,T) = A^e* + CC

flo(*,T) = <TX'n/r + cc i = 2> 3> > 5

(19)

(20)

(21)

(22)

where CC stands for complex conjugate and Aj(f), j = 1,2,
3, 4, 5 are functions to be determined.

Next, terms of first order in e yield the following equations:

82R dAl

-

+ NST + CC

dt2

+ NST + CC j = 2, 3, 4, 5

(23)

(24)

The terms on the right-hand side of Eqs. (23) and (24) that
multiply exp(zW/2) and exp(/fly/), respectively, give rise to
unbounded solutions. They are known in the literature as
secular terms. The rest are nonsecular terms (NST). The
secular terms are responsible for the breaking down of the
regular perturbation scheme. Here, with the aid of the mul-
tiscale technique, the secular terms can be eliminated by pick-
ing the slowly varying amplitudes, AJ9 j = 1, 2, 3, 4, 5, such
that the coefficients of exp(zW/2) and exp(z'fl;/), y = 2, 3, 4,
5 vanish. This requirement yields the following differential
equations for the slowly varying amplitudes:

dA
- - iH?i Al

—i: = 0 j = 2, 3, 4, 5

The solutions of Eqs. (25) and (26) are

A, = y, j = 2, 3, 4, 5

where a, (3, and •/, are constants.

(25)

(26)

T (27)

(28)
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From Eq. (27) it is clear that instability occurs when

i |Snl>fl?i (29)

Hence, with Eq. (18), the stability boundaries in the oo-e plane
are given by:

Similar stability regions can be found in the same fashion
for the other four natural frequencies (112, fl3, I14, and I15).
Yet, since ilj is the lowest, the instability region given by Eq.
(30) is the most important one.

to is Close to (1X5 - f!4)
In this region O4 and I15 are expanded in power series in

e:

ft2 - £1% + eOji + 0(e2) j = 4, 5 (31)

such that

(150 - OK, = w (32)

As a result, the deviation of co from (H5 - f!4) is given by

- co = i - * (33)eA =

The quantity A is the mismatch between the frequency of
the dynamical load and the difference between the two natural
frequencies, f!5 and (14.

Expansions (16), (17), and (31) are inserted into Eq. (15)
and, again, coefficients of equal powers of e are collected.
The lowest order terms result in the following equations:

,̂.0 = 0 i = 1, 2, 3

+ 0 ,̂0 = 0 ; = 4, 5

whose solutions are given by

RiQ = A^e™ + CC i = 1,2,3

RJO = CC j = 4,5

(34)

(35)

(36)

(37)

Collecting terms of first order in e and separating the secular
from the nonsecular terms yields the following equations:

dt2

Jl

1
2"*

tRtl = -2/flf.^>
i = 1, 2, 3

dAj;zflyo -p -

j-kw + NST + CC

NST + CC

(38)

(39)

where / = 4, 5 and k = 5 ,4 , respectively. It is easy to see
that, in addition to the two terms (in brackets) on the right-
hand side of Eq. (39), the third term is also secular when
ft50 - n40 = (o.

The condition that no secular terms exist on the right-hand

side of Eqs. (38) and (39) results in the following equations
for the amplitudes:

dT

cL44 = 1^41^ _ ^

dAs i Hi, A

i =1,2,3

i ^45 ,

(40)

(41)

(42)

Equation (40) means that R^ vary only on the fast time
scale, while the coupled Eqs. (41) and (42) are solved by

J = oijext j = 4, 5 (43)

where

- A2 (44)

Instability occurs when X has a positive real part. However,
since S is a symmetric matrix, X is imaginary and hence the
system is stable when the loading frequency approaches
(15 — (14. Obviously, the same conclusion holds for any com-
bination (I, - fty..

co is close to (H4 + H5)
In this case, the same steps are followed as those that led

to Eq. (44). The result for the current case is obtained from
Eq. (44) by replacing fl50 by —flso. Thus, X is given by

(45)
<• 3)

Contrary to the previous case, now instability may occur.
From Eq. (45) it is easy to see that this happens when

(46)

and the stability boundaries are given by

(47)

Again the same can be said for the other combinations of
(0 = 0,. + fly, thus, the general expression for the stability
boundaries for any /,; is

(48)

Results and Discussion
Equations (30) and (48) describe the various instability re-

gions for the first mode, where m = n = 1 in Eq. (6). Other
instability regions, for any other mode, can be formulated
similarly by using the appropriate m and n. Our focus, how-
ever, will be given in the following to the first mode since it
yields the most important instability region at co = 2^ll7 in
the sense that this one is the widest. Yet, the total instability
region might be significantly enlarged when the combination
resonances are taken into account.

The following material properties

El = 20E2, G23 = Q.5E2, G12 = G13 = 0.6£2, v12 = 0.25



2004 G. CEDERBAUM AIAA JOURNAL

were considered for the square (a x a) symmetric [0 deg, 90
deg, 90 deg, 0 deg] cross-ply laminates and the antisymmetric
[6, — 0, 9, -0] angle-ply laminates.

Figure 2 shows the instability regions for a cross-ply lami-
nate where alh = 5. The main region, the principal one, is
for (o = 2^ and where Sll/2fll is normalized to unity, whereas
the second one relates to co = f^ + (12. It can be easily seen
that the second region contributes a considerable amount to
the total instability region. The other possible combination
resonances were found to be less important.

The importance of the various regions of instability can be
inferred from Eqs. (30) and (48), where the regions' bound-
aries are straight lines, and the ratio of their slope to the slope
of the principal one is given by

-llbSJ (49)

Thus, high values of 5iy indicate high importance of combi-
nation instability region with respect to the main one.

Figure 3 shows the variation of S12 vs the length-to-thickness
ratio for the above HSDT and for the first-order shear de-
formation theory (FSDT), where the shear correction factor
is 5/66. The difference between the two theories is minor and
they both indicate that Su increases as alh decreases. Figure
4 shows the variation of S12 vs the E^E2 ratio, where alh —
4. It is seen that S12 is increasing as E-JE2 is increasing up to
20 and then remains almost constant.

It should be noted that when symmetric cross-ply laminates
are analyzed within the classical lamination theory, there is
only one equation of motion, and thus a combination reso-
nance, for each mode, is impossible.

Figure 5 shows the variation of Sy (j = 2, 3, 4, 5) vs alh
for angle-ply laminates, 6 = 5 deg. It is clear that for thick
plates S13js the most important one. Yet, as the plates become
thinner, S13 is the less important, whereas all the other ones
are of the same importance. It is interesting to note that_at
alh = 7 all 5,7 are equal. Figure 6 shows the variation of 513
vs alh for both HSDT and FSDT, where 6 - 5 deg, while
Fig. 7 shows the variation of S13 vs 6 where alh - 4. In both
figures it is seen that the contribution of the combination
resonance is higher within the HSDT than the FSDT. At lower
values of 6, S13 is most significant, whereas at 6 = 45 deg,
S13 = 0. Thus, from the combination resonance point of view,
45 deg is preferable for design.
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Fig. 4 Variation of 512 vs EJE2 for symmetric cross-ply laminates,
alh = 4.
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Fig. 2 Two instability regions of symmetric cross-ply laminate:
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Fig. 5 Variation of Sv vs alh for antisymmetric angle-ply laminates,
9 = 5 deg.
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Fig. 3 Variation of 512 vs the length-to-thickness ratio for symmetric
cross-ply laminates.
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Fig. 6 Variation of 513 vs alh for antisymmetric angle-ply laminates,
6 = 5 deg.
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Fig. 7 Variation of 513 vs 9 for antisymmetric angle-ply laminates,
alh = 4.
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